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Abstract

We study quantum logic gates using two persistent current states as a qubit in the superconducting ring with
Josephson junction. We use an rf SQUID as a single persistent current qubit. An effective double-well potential,
where quantum tunneling is possible, exists in the single qubit. The degeneracy of the two persistent current states
is lifted by tunneling. The coupling between qubits is performed by the inductive current connecting qubits. A
scalable qubit is constructed by making quantum circuit connecting many qubits in a topologically the same way.
Switching each qubit is possible by inserting dc SQUID into the line coming out of qubit.
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Superconducting phase qubits have the advantage of
relatively long dechorence time and scalability[1]. Re-
cently the quantum superposition of the phase states
was observed[2,3]. However the two qubit operation is
not yet achieved. Here we suggest the scheme of the
controlled-NOT gate using the current in the loop con-
necting the two qubits and the scalable design of the
quantum computing circuit.

We consider an rf-SQUID as a basic unit of qubit.
The total energy E is written as E = EC + En +

EJ (1−cos φ), where EC = 1
2

(
Φs
2π

)2
Cφ̇2 is the charging

energy and En is the sum of the kinetic and the induced

energy[4], i.e., En = Ek + Eind, where Ek =
h̄2k2

n
2mc

Nc

and Eind = (1/2)LI2 = 1
2L

(Φt − Φext)
2. Here, mc =

2me is the mass of the Cooper pair, Nc the number of
Cooper pairs, and Φt and Φext are total and external
fluxes piercing into the loop of the SQUID, respectively.

The expression for the wave vector at a quantum
state n is given by the periodic boundary condition[4]
for the phase of the wave function of the SQUID loop,
such that knl = −2πΦt/Φs + 2πn − φ, where l is the
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circumference of the loop, and φ the phase difference
across the Josephson junction. Combining this bound-
ary condition with the total flux expression, Φt =
Φext +Φind, where Φind = LI, the wave vector is writ-

ten as kn = 2π(n−f − φ
2π

)/(1+γ)l , where γ = q2Nc

l2mc
L

is the dimensionless reduced inductance of the loop and
f ≡ Φext

Φs
. The current, on the other hand, is given by
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Fig. 1. (a) A plot for the lowest energy giving effective potential

in units of EJ for f=0.47 as a function of Josephson phase.

(b) The energy spectrum of the superposed states.
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In = ncAq
mc

h̄kn, where nc = Nc/Al is the Cooper pair
density, A the cross section, and q = 2e the Cooper
pair charge. Thus the sum En is expressed by En =
εo(n − f − φ

2π )2/(1 + γ), where εo = 2π2h̄2ncA/mcl .
The double-well structure shown in Fig. 1 (a) is given

by taking the lowest energy for the quantum states
n = 0 and 1 for the effective potential Ueff (φ) = En +
EJ (1−cosφ). The double well structure with a cusp at
the central part is different from other structures that
also use persistent currents as a qubit. The tunnelling
between these two states results in the energy spectrum
shown in Fig. 1 (b).

The controlled-NOT gate can generate the univer-
sal quantum logic gate with the single qubit rotation.
To implement a controlled-NOT gate, we consider a
two qubit coupling (Fig. 2). The energy correspond-
ing to the minima of the effective potential of the sys-
tem composed of a qubit pair and connecting loop is
obtained numerically (Fig. 2 (c)). Two qubits of Fig.
2(a) are in the same state and have relatively large cur-
rent flow in the connecting loop. The energy in this
case is higher than that of Fig. 2 (b) where two qubits
are in different states. The Hamiltonian of the coupled
qubit can be written in spin-1/2 notation as Hcoup =
E(σ1z + σ2z) + Jσ1zσ2z + const., where J depends on
the distance between the two qubits. A resonant pulse
applied on the second qubit can transform the state
| ↓↓〉(| ↓↑〉) into | ↓↑〉(↓↓〉). However the state | ↑↓〉(↑↑〉)
does not respond to this pulse and remains in the same
state. This discriminated operation makes it possible
to perform the controlled-NOT operation[5].

A possible design to achieve a scalable computing
and the selective coupling between qubits is presented
in Fig. 3 (a). The switches make it possible to couple
any selected pair of qubits. We set the cross section of
the loop of the switching SQUID as Ax = A′/2. Then
the current conservation gives k′ = (kx1 + kx2)/2. The
current flowing in the connecting loop can be obtained
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Fig. 2. (a) Coupled qubits in the same state (direction of

current). Two Josephson junctions (small solid squares) denote

switches. (b) Coupled qubits in different states. (c) Effective

potential of the coupled qubits.
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Fig. 3. (a) Part of the design for a scalable quantum computing

device. (b) The detailed picture of a switching dc SQUID.

by numerically calculating k′ of Fig. 3 (b) using above
conservation relation and the periodic boundary con-
ditions for the connecting loop and for the switching
SQUID, such that kx1

lx
2

+ φx1 + k′l′ + φ̃ = 2πp and

−kx1
lx
2

+ kx2
lx
2
− φx1 + φx2 = −2π Φx

Φs
, where φ̃ is the

sum of phase evolutions at the Josephson junctions in
the qubits and the other switch, p is an integer and
l′, lx are the circumferences of the connecting loop and
the switch, respectively. The phases φx1 and φx2 can
be deleted using the current conservation relations for
the connecting loop. One can easily obtain these con-
servation relations: −nc

A′
2

kxi
mc

+ EJx sin φxi = 0 (i =

1, 2) from the condition
∂Ueff

∂φxi
= 0 for the effective

potential of a connecting loop with the switching de-
vices. Solving these coupled equations numerically, we
obtain the total current, I = ncA

′q k′
m , as a function of

fx for a given f̃ . When fx = 0, the switching device is
identical to a single Josephson junction with coupling
energy E′

J of cross section A′, i.e., the switch on-state,
while the current vanishes at fx = 1/2, i.e., the switch
off-state regardless of the value of f̃.
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