The inverse analysis of the enclosed cavity perturbation technique
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Abstract

Electrical conductivity can be conveniently measured by enclosed cavity perturbation technique in the microwave
region. We studied the inverse analysis based on the double sphere model where the exact solutions of full Maxwell’s
equations can be calculated analytically. We found that the ranges of applicability of the skin depth regime and
the depolarization regime were k”a 2> 10 and k¥”a < 1, respectively.
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1. Introduction

In the so-called enclosed cavity perturbation tech-

nique for electrical conductivity measurement at mi-
crowave frequencies [1], one measures the change of the
quality factor, @), and that of the resonant frequency,
f, by the introduction of a sufficiently small sample
at the electric field antinode (F-meas.) or the mag-
netic field antinode (H-meas.) of a cavity resonator.
The data analysis in the cavity perturbation technique
is an inverse eigen value problem of Maxwell’s equa-
tions and cannot be solved in general. However, under
appropriate limiting conditions, some methods for the
data analysis have been established and their reliabili-
ties have been confirmed both experimentally and the-
oretically.
In the skin depth regime (SDR), where the skin depth
of the sample, §, is much smaller than the sample size,
a, (6 < a), the complex frequency shift is related to
the surface impedance of the sample, (.
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where the so-called metallic shift, Awg/wo, and the ge-
ometrical factor, G, are usually determined by the dc
conductivity, o4c, utilizing the Hagen-Rubens relation,
¢ =+/(p/e) = \/(pwo/4miogc:). On the other hand, in
the depolarization regime (DPR), where the two char-
acteristic lengths of the electromagnetic fields inside
the sample, i.e. the skin depth, 4, and the wavelength,
A, are much larger than the sample size, a, (4, A > a),
Buranov and Shchegolev derived their approximating
formula for an isotropic ellipsoidal sample in the E-
meas., by regarding the electric field inside the sample
as that obtained in the static problem [2].
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Here, ~ is the so-called resonator constant determined
by the mode and the geometry of the resonator, Vs
and V¢ are the sample volume and the cavity volume,
respectively, and n is the depolarization factor of the
sample in the direction of applied electric field.
Although the ranges of applicability of these analysis
methods (eqns. (1) and (2)) are obviously determined
by the condition on the sample size stated above, the
qualitative discussion as the experimental technique
has not been discussed so far. In this paper, we studied
the inverse analysis based on the double sphere model
[3] where the exact solutions of full Maxwell’s equations
can be calculated analytically.
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Fig. 2. The ratio of obtained €]~ and ¢{  to original ¢’ and

. mv.
¢’. The data are plotted as a function of k’’a = 2mwa/§ and

e’ /€', respectively.

2. Result and Discussion

The geometrical configuration of the double sphere
model is quite simple. A spherical sample with a uni-
form isotropic medium is inserted at the center of a
spherical cavity resonator made of a perfect conduc-
tor. TMo11 and TEg11 mode of spherical cavity res-
onators correspond to the FE-meas. and the H-meas.,
respectively, and the degeneracies of the modes are as-
sumed to be resolved. The resonant frequency, f and
the quality factor, @, are determined as the functions
of the sample radius, a, and the cavity radius, b, the
complex permittivity, € = ¢’ + i¢”, and the complex
permeability, 4 = u'+ip”’, of the sample. The complex
resonant frequency shift, A& /wo can be obtained by
solving the complex eigen value problem of Maxwell’s
equations, which include ¢, 1 and the size ratio, a/b =
(Vs/Ve)Y/3, as the parameters. In the inverse analy-
sis, we assume g to be unity, calculate the permittivity,
€inv. = €lny. T i€, , from Ad/wo utilizing eqns. (1)
and (2), and compare the results to the original per-
mittivity, e = ¢’ + i€”.

The result of the inverse analysis in the SDR ob-
tained from eqn. (1) are shown in Fig. 1. We plot the
ratio, €{., /¢’ as a function of ¥"a = 2wa/5. We esti-

mate the geometrical factor G by Champlin Krongard
model [4] (G = (9/2)v(Vs/Ve)/(koa)) and obtain €,
only from A(1/2Q) data assuming that € < €” for the
normal metallic sample.

In therange of k”a 2 10, the ratio, €, /", approaches
to a constant, (e, /¢’ — const.), which is nearly
unity. Therefore we can claim that the analysis by eqn.
(1) for the SDR is valid for the range of ¥”a 2> 10. The
discrepancy of the constant from unity is due to the
error of the geometrical factor, G, by Champlin Kron-
gard model.

Figure 2 shows the results of the inverse analysis in the
DPR obtained from eqn. (2). Again we plot the ratios,
einy. /€ and €, /€ as functions of k”a and €” /€', re-
spectively.

In the range of ¥"a > 1, ¢i, /€” falls off dramatically
from nearly unity to zero. This behavior is common for
all filling factors, Vs/Ve, and we can claim that the
analysis by eqn. (2) in the DPR is valid for the range of
k"a < 1as far as €fy, is concerned. On the other hand,
if we plot €}, /¢ not as a function of k”a but as that
of ¢’ /¢, a cross point appears at €’ /¢’ ~ 1. The ratio,
€y, /€ falls off dramatically from nearly unity to neg-
ative value beyond €”/¢’ > 1. This behavior is due to
the change of the resonant frequency at the so-called
depolarization peak, and we can claim that the analy-
sis of €{,,, collapses in the range of €'/€’ 2> 1. That is,
in general, the range of applicability of eqn. (2) is dif-
ferent between real and imaginary parts.

When Vs/Ve > 1072, the perturbation analysis by
eqn. (2) causes the discrepancies of the ratios, €., /€’
and €, /€, from unity.

In conclusion, the inverse analysis based on the ex-
act solutions of full Maxwell’s equations are performed.
We found that the range of applicability of the SDR
and the DPR are k¥”a 2> 10 and k"a < 1, respectively.
For the estimation of the geometrical factors, it is nec-
essary that Vs/Vo < 1075
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