Possible form of multi-polar interaction in cubic lattice
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Abstract

The invariant form of interaction between multi-poles, including the octupole, is studied for the simple cubic(s.c),
body centered(b.c.c.) and face centered (f.c.c) cubic lattices. The coupling terms can be arranged in a way similar
to that of the hopping matrix between the LCAQO’s. A table for s.c. by Shiina et. al. (J. Phys. Soc. Jpn. 66 (1997)
1741) is generalized for the general wave number case of the three types of lattice. Recent experimental result of
TmTe is thereby analyzed. The development of the ferromagnetic moment below the anti-ferromagnetic transition
under the anti-ferro quadrupolar order phase is discussed in this connection.
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1. Introduction

The identification of the anti-ferro quadrupolar or-
dering (AFQ) is intensively being tried in various meth-
ods[1]. The application of the magnetic field in the
AFQ state usually induces the anti-ferro magnetic mo-
ment (AFM).The symmetry analysis of the AFQ or-
der parameter of AFQ using the induced AFM seems
to be a promising method. In fact, such approach has
been extensively applied to CeBg [2—4], and recently
to TmTe[5-7]. The product of AFQ moment and the
magnetic field has symmetry of the octupole moment.

Shiina et. al. presented a table which gives grouping
of concurrent induced AFM and AFQ order parame-
ters in s.c. based on the symmetry argument|[3]. It was
successfully applied to determine the AFQ order pa-
rameter of TmTe by Mignot et. al[6,7]. In general, how-
ever, the grouping should be made based on the small
group of the wave number of the ordering. Therefore
cares are needed to apply the table of s.c. for TmTe of
f.c.c., because they have different point symmetry at
the L-point, Q = (%, %, %)
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The grouping of order parameter based on the small
group for various wave vectors is rather a formidable
work. If one can derive the expression of the invari-
ant interaction between multipoles for general q, the
grouping can be carried out without the symmetry ar-
gument only by setting q = Q.

As an example, let us consider the interaction be-
tween the quadrupolar moments of F;‘ at a site (say, 0-
site) and the quadrupolar moments of T type on the
12 nearest neighbor sites (n.n. shell). j From 24 opera-
tors on the n.n. shell, we can make a combination of op-
erators, —O(u, 110)+O(u, 110)+O(u, 110) —O(u, 110),
which has the xy symmetry around the O-site. Here we
have used notation: O3 = O(u) and O3 = O(v). This
expression has the same form to that of the LCAO on
n.n. shell, and other combinations which have the yz
and zx symmetry are also prepared. The invariant form
is made by the product between these symmetrized op-
erators and the operators on the 0-site.

Next we make the Fourier transformation O(y, R¢) =
Zq O(v,q)e'™, where R, denotes the site, and ~y
denotes the symmetry of multipolar operator. The
interaction between the nearest neighbor pairs of
quadrupolar moments are given as follows.
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Here ¢, (s,) denotes cos g, (sin gy ), and c.p. means
the cyclic permutation. The summation over q is as-
sumed. The term having the factor as corresponds to
the interaction between I';” and T'S moments explained
as the example.

The interaction between multipoles with odd power
of the angular momentum are also given as,

H;;; = b1[Jz,—qJe,qCyC: + C.D]

[
+ ba[Jz,—qJz.q(CzCe + cyca) + D]
+ b3[Jz,—qJy,q525y + C.p.]
+ b4 [Tuyz,—q(Jz,q5ys= + c.p.)]
+bs[ T, qcx(cy—cz)+6p]
+ b [T, — ( y,qScSy — quszsx) +ep]
+ b7 (T2, xqcycz+cp]
+ bs| f (ngCy‘i’Csz)"i'cp]
+bo[T) _(T) yswsy +c.p]
+ b10[Toy=,— qTxyz,q(Cny +c.p.)] (2)

Terms in which J,, are replaced by T;* should be added.

When we put q = Q, and make rearrangement of
operators, the quadrupolar moments are grouped as
(O(u),20(zy) —O(yz) —0(2x)), (O(v), O(yz)—O(zx))
and (O(zy) + O(yz) + O(zzx)) which couple with
each other in the same group. Here the suffix Q is
dropped. The odd terms are also grouped as (J, + J, +
JosToyz, TS+ T +T2), (2J. — Jo — Jy, T2 —TJ) and
(Jo — Jy,2T2 — T2 — T)). This grouping is equivalent
to H || [111] case of s.c. Even when the field is not
applied, the symmetry is lowered to D34 in f.c.c. The
n.n.n. pair interaction is obtained from the expression
of s.c., but the new grouping is not generated.

To classify the grouping under the magnetic field,
the product between the AFQ moment and the field

H,, H,, H, are rearranged to have symmetrized com-
bination of octupoles[9].

When the field H || [110] is applied, the products are
classified by comparing with the the grouping of odd
terms under the condition H, = H,. Then the opera-
tors are combined into two groups: (O(u), -, O(zy) +
O(yz) + O(zx), Js + Jy + Joy -, 205 — Jp — Jy, ) and
(O(v), -, Jx — Jy, ). In the place of (--), terms should
be added following the grouping of H = 0. The AFM
of J, — Jy is observed in experiment, thus the AFQ of
O(v) type will be the candidate as concluded by Link
et. al[6]. We note that the AFQ is necessarily mixed
combination of O(v) and O(yz) — O(zz). If the AFQ
had O(u) character, the AFM would appear in the
[110]-[001] plane.

When the field H || [001] is applied, we obtain the
same grouping to that of the H || [110] case. Therefore
we expect the AFM of J, —J,, typein the Q = (3, 3, 3)
domain. The AFM will not be expected if one uses the
table for s.c[7]. A tilting of field into the [110] direction
will be necessary to align the Q domains.

When the spontaneous AFM magnetization of J, —
Jy appears in the AFQ of O(v) group, the ferromag-
netic moment in the [110]-[001] plane will appear. This
has been already expected in ref. [10] based on a micro-
scopic model, and has been proved in experiment[7].
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