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Abstract

A lattice half-filled with localised particles interacting via the long-range Coulomb potential is studied by numerical
simulations. The temperature dependences of the specific heat and of the susceptibility related to the staggered
occupation indicate the presence of a phase transition in two- and three-dimensional systems. The critical behaviour,
obtained by a finite-size analysis, resembles that of the short-range Ising model.
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The possible existence of a phase transition in the
Coulomb glass has been under controversial debate for
many years [1–4].

We approach this problem considering in a first step
a lattice half-filled with localised particles which in-
teract via the long-range Coulomb potential (without
static disorder),

H =
1

2

∑

α�=β

(nα − 1/2) (nβ − 1/2)

|xα − xβ | (1)

where nα ∈ {0, 1} denote the occupation numbers of
states localized at sites xα. We simulate the behaviour
of d-dimensional hypercubes of size Ld. To reduce finite
size-effects, we impose periodic boundary conditions
using the minimum image convention for d = 1 as well
as for d = 2, and consider the sample to be surrounded
by eight equally occupied samples for d = 3. Elemen-
tary charge, lattice spacing, dielectric and Boltzmann
constants are all taken to be 1.

We have numerically investigated this model by
means of the Metropolis procedure [5,6]. To reduce the
problems arising from long correlation times we con-
sider the following processes: one-electron exchange
with the surroundings (corresponding to flipping a
single spin in the Ising model), one-electron hops over
resticted distance (two-spin flips), and two-electron
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hops modifying the occupation of four neighbouring
sites (flips of clusters of four spins). At high tempera-
ture T , we use the original Metropolis procedure [5],
whereas the calculations for low T are accelerated by
utilizing the hybrid-Metropolis algorithm presented in
Ref. [6].

The specific heat was determined according to
c(T ) = (〈H2〉 − 〈H〉2)/(T2 L3) . Fig. 1 shows that
sharp peaks evolve as L increases for the two- and
three-dimensional cases. This points to the possible
existence of a phase transition as it was observed in
lattice gas simulations by Dickmann and Stell [7].
Such peaks are not observed for d = 1.

For the model considered here, the order can natu-
rally be characterized by the staggered occupation in
analogy to the description of an antiferromagnet. In
the case d = 3, the staggered occupation is defined by

σ = (2nα − 1) · (−1)xα+yα+zα (2)

where xα, yα, and zα denote the (integer) components
of the site vector xα. Again in analogy to the Ising
model of a ferromagnet, the related susceptibility is
given by

χ = Ld(〈σ2〉 − 〈|σ|〉2)/T . (3)

Fig. 2 shows that also χ(T ) exhibits sharp peaks in-
creasing rapidly with L. This corroborates the presence
of a phase transition.
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Fig. 1. Temperature dependence of the specific heat, c(T ), for

samples of various size. d = 2: L = 8 (+), 14 (�), 24 (×), and

40 (◦); d = 3: L = 4 (+), 6 (�), 10 (×), and 14 (◦).
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Fig. 2. Temperature dependence of the susceptibility, χ(T ), for

samples of various size. The symbols have the same meaning

as in Fig. 1.

The critical temperature Tc of the phase transition
is given by the limes L → ∞ of the positions of the
maxima of c(T ) and χ(T ). It can be determined also by
analysing the size dependence of the Binder cumulant
[8]. Using both methods, we obtained Tc = 0.1032 ±
0.0002 for d = 2, and Tc = 0.1287 ± 0.0004 for d = 3.
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Fig. 3. Finite-size scaling of the order parameter at the critical

temperature.

The finite-size scaling analysis of the value of the or-
der parameter at the critical temperature, 〈|σ|〉(Tc, L),
represented in Fig. 3, yields the ratio of the critical ex-
ponents β and ν, related to order parameter and cor-
relation length, respectively. We have obtained the fol-
lowing values of this quotient: β/ν = 0.130 ± 0.018 for
d = 2 and β/ν = 0.51±0.13 for d = 3. These results co-
incide with the exponent ratios of the short-range Ising
model, 1/8 and 0.52 for d = 2 and 3, respectively; they
differ clearly from the mean-field result β/ν = 1 [9].

It is a surprising finding that, in spite of the long-
range interaction, model (1) may belong to the same
universality class as the short-range Ising model. This
is supported by our detailed analysis of the critical
properties which will be published elsewhere.

We thank T. Vojta for a valuable literature hint and
critical discussions.
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