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Abstract

Using a Tomonaga-Luttinger model, we studied the conductance renormalization and conductivity of a quantum
wire with multiple subbands. As in a single-band system, the conductance of a quantum wire with an arbitrary
number of subbands is not renormalized by the electron-electron interaction. For a dirty Tomonaga-Luttinger model
with multiple subbands, we found that inter-subband interaction enhances the conductivity, which is contrary to
that expected from the intra-subband repulsive interaction, and that the conductivity increases with increasing
number of subbands.
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In one dimensional (1D) electron systems, the inter-
action between electrons has been of great importance
not only in bulk systems but also in mesoscopic systems
such as quantum wires. For example, transport prop-
erties of quantum wires have been extensively studied
based on the Tomonaga-Luttinger (TL) liquid [2,3].
The conductance in a clean quantum wire with single
band has been studied theoretically [4–7] and experi-
mantally [8] and it is now confirmed that the conduc-
tance is not renormalized by the interaction between
electrions.

Quantum wires with multiple subbands are also of
interest. For example, a recent experiment [9] shows the
conductance is smaller than the quantized conductance
only in a high in-plane magnetic field, where the mul-
tiple inequivallent spin subbands cross the Fermi level.
On the other hand, in a two-band model, which in-
cludes the backword scattering processes between elec-
trons, Starykh et al. [10] have shown the conductance is
not renormalized by the interaction between electrons.
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In this paper, we study the conductance renormal-
ization in a clean multi- (N -) subband TL model with
the inter-subband forward scattering in order to clarify
whether or not the conductance is renormalized within
the multi-subband TL model. We assume the scatter-
ing processes with large momentum transfer such as
backward scatterings can be neglected. We also study
the conductivity in a dirty TL model with multiple sub-
band since the interaction between electrons plays an
important role in the temperature dependence of the
conductivity [11–13].

The Hamiltonian of a clean N -subband spinless (or
N/2 spinful) TL model is presented as

H =

N∑
i

1

4π

∫
dx

{
vi

N [∇Θi
+(x)]2 + vi

J [∇Θi
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}

+
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gij

N

2
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+(x)]

+
gij

J

2
[∇Θi

−(x)][∇Θj
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}
. (1)

Here i or j show the subband index. Θi
+ is the phase

variable for the i-th subband and Θi
− is its dual vari-
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able. vi
N ≡ vi

F + gi
4 + gi

2 ≡ vi/Ki and vi
J ≡ vi

F +
gi
4 − gi

2 ≡ viK i, where gi
2(4) is the interaction parame-

ter between electrons with the opposite (same) veloc-
ity direction in the i-th subband. vi

F is the Fermi ve-
locity of the i-th subband and vi (K i) is the velocity
of the excitation (critical exponent) of the i-th sub-
band. The inter-subband forward scatterings are in-
cluded through gij

N ≡ gij
4 + gij

2 and gij
J ≡ gij

4 − gij
2 ,

where gij
2 (gij

4 ) is the interaction parameter between
electrons with the opposite (same) velocity direction
in the i-th and j-th subbands.

Assuming h̄ = e2 = 1, we obtain the dc mean

current operator ĵi
M ≡ 1

L

∫ L

0
dxĵi(x) = 1

L

(
vi

J Ĵi +

∑
j( �=i)

g
ij
J
2 Ĵj

)
. Here i and j are the subband indices.

L is the system length. ĵi(x) is the local current oper-
ator in the i-th subband. Ĵi ≡ N̂ i

1 − N̂ i
2 is the operator

for the difference between total number of particles of
right-going electrons (N̂ i

1) and left-going ones (N̂ i
2) [1].

Following Ref. [4] for a single-band system, the chem-
ical potential difference between the right-going going
electrons and the left-going electrons are obtained as
δµ ≡ µ1−µ2 = ∂E

∂Ni
1
− ∂E

∂Ni
2

= 2π
L

vi
JJi + π

L

∑
j( �=i)

gij
J Jj

(for all i, j). The conductance is obtained by using
ji
M ≡ (2vi

JJi +
∑

j( �=i)
gij

J Jj)/2L (the eigenvalue of

ĵi
M) as G =

∑
i
ji
M/δµ = N/2π. Hence, the conduc-

tance is not renormalized by the interaction between
electrons. We stress that this result is independent of
not only the strength of the interaction but also the
number of subbands.

For the conductivity of a dirty quantum wire with
multiple subbands, we assume a simplified TL model
with N spinful subbands, in which the intra- or inter-
subband spin-independent interactions and the Fermi
velocities are independent of the subband (gi

2 = gi
4 ≡

πvF g/2 and gij
2 = gij

4 ≡ πvF g′/2 for all i, j). Follow-
ing Ref. [14] for the Mori formalism [15], we find that
the conductivity σ(T ) within the second order pertur-
bation for the impurity scattering as

σ(T ) ∝ T2(1−K), (2)

K ≡ 1

N

1√
1 + g + (N − 1)g′

+
(
1 − 1

N

)
1√

1 + g − g′ .

For N = 2, the result of Ref. [13] is reproduced. Inter-
estingly, ∂K

∂|g′ | > 0 always holds for arbitrary subband
numbers. This means that the inter-subband interac-
tion, being independent of its sign, enhances the con-
ductivity. This is not trivial but may be understood
as follows: The conductivity of the TL models is sup-
pressed by the CDW correlation due to the impurity
pinning. The inter-subband interaction disturbs the
CDW correlation of each subband because of the dis-
cordance between the Fermi wave numbers of different
subbands, resulting in an enhanced conductivity. On

the other hand, ∂K
∂N > 0 also always holds, and thus

the conductivity is monotonically enhanced as a func-
tion of the number of subbands. This is because the
inter-subband interaction, which enhances the conduc-
tivity, works more significantly for a larger number of
subbands. If one compares this result with that of ref.
[16] based on the Fermi liquid (σ(T ) ∝ T1/N ), there is
a qualitative consistency in the sense that the conduc-
tivity is an increasing function of N .
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