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Abstract

We study the quantum dynamics of Cooper-pair-box qubits in a quantum electrodynamic cavity. We show the
existence of Rabi oscillations for both single- and multi-photon processes and propose a quantum computing scheme.
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1. Introduction

Because of possible scalability to large-scale net-
works using modern microfabrication techniques, con-
siderable efforts have recently been devoted to solid-
state qubits. Proposed solid-state architectures in-
clude those using electron spins in quantum dots [1,2]
and Josephson-junction devices [3,4]. Here we show
that the coupled system of a Cooper-pair box with
a superconducting loop and the microwave mode in
a quantum electrodynamic cavity undergoes Rabi
oscillations and propose a new quantum computing
scheme in which any two qubits (not necessarily neigh-
bors) can be coupled through photons in the cavity. In
sharp contrast to the usual Jaynes-Cummings model,
multi-photon processes are shown in the Josephson
charge qubit. As revealed by the very recent exper-
iment on Rabi oscillations in a Cooper-pair box [5],
these multi-photon processes may be important in
the charge-qubit system. The dynamics of a Joseph-
son charge qubit coupled to a quantum resonator was
studied in [6], but the model involves: (a) only one
charge qubit, (b) only the Rabi oscillation with a sin-
gle excitation quantum of the resonator, and (c) no
quantum computing scheme.
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2. Model Hamiltonian

The Josephson charge qubit is achieved in a Cooper-
pair box [7]. We study the Cooper-pair box with a
SQUID loop pierced by a flux ΦX (see the schematic il-
lustration in [3]). In this structure, the superconducting
island with excess charge Q = 2ne is coupled to a seg-
ment of a superconducting ring via two Josephson junc-
tions (each with capacitance CJ and Josephson cou-
pling energy E0

J ). Also, a voltage VX is coupled to the
superconducting island through a gate capacitor C. In
the spin-1

2 representation with charge states |↑〉 = |n〉
and |↓〉 = |n+1〉, the Hamiltonian of the system can be
reduced toH = ε(VX)σz− 1

2
EJ(ΦX)σx in the charging

regime [3], where ε(VX) = 2Ec[CVX/e− (2n+1)], and
EJ (ΦX) = 2E0

J cos(πΦX/Φ0), with Ec = e2/2(C +
2CJ ), and Φ0 = h/2e. This single-qubit Hamiltonian
has two eigenvalues E± = ± 1

2E, with E = [4ε2(VX) +

E2
J (ΦX)]1/2, and eigenstates |e〉 = cos ξ| ↑〉 − sin ξ| ↓〉,

and |g〉 = sin ξ|↑〉+cos ξ|↓〉, with ξ = 1
2 tan−1(EJ/2ε).

Using these eigenstates as new basis, the Hamiltonian
becomes H = 1

2
Eρz, where ρz = |e〉〈e| − |g〉〈g|. Here

we employ {|e〉, |g〉} to represent the qubit.
When a nonclassical microwave field is applied, the

total flux Φ through the SQUID loop is a quantum
variable, Φ = ΦX + Φf , where Φf is the microwave-
field-induced flux through the SQUID loop. Here we
assume that a single-qubit structure is embedded in a
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QED microwave cavity with only a single photon mode
λ. The vector potential of the nonclassical microwave
field can be written as A(r) = uλ(r)a+u∗

λ(r)a†, where
a†(a) is the creation (annihilation) operator of the cav-
ity mode. Thus, the flux Φf is given by Φf = Φλa +
Φ∗

λa
† = |Φλ|(e−iθa+eiθa†), with Φλ =

∮
uλ ·dl, where

the contour integration is over the SQUID loop. We
shift the gate voltage VX (and/or vary ΦX) to bring
the single-qubit system into resonance with k photons:
E ≈ kh̄ωλ, k = 1, 2, 3, . . .. Expanding the functions
cos(πΦf/Φ0) and sin(πΦf/Φ0) into series of operators
and employing the rotating-wave approximation, we
derive the total Hamiltonian of the system (including
the microwave field)

H =
1

2
Eρz + h̄ωλ(a†a +

1

2
) +HIk, (1)

HIk = ρzf(a†a) +
[
e−ikθ|e〉〈g|akg(k)(a†a) + H.c.

]
,

where the explicit expressions of f(a†a) and g(k)(a†a)
are given in [8].

3. Multi-photon Rabi oscillations

The eigenvalues of the total Hamiltonian (1) are
ε±(l, k) = h̄ωλ[l + 1

2
(k + 1)] + 1

2
[f(l) − f(l + k)] ±

h̄
2

√
δ2l,k + Ω2

l,k, and the corresponding eigenstates are

given by |+, l〉 = e−ikθ cos η|e, l〉 + sin η|g, l + k〉, and
|−, l〉 = − sin η|e, l〉 + eikθ cos η|g, l + k〉, where Ωl,k =
2g(k)(l + k)[(l + 1)(l + 2) · · · (l + k)]1/2/h̄ is the Rabi
frequency, δl,k = (E/h̄ − kωλ) + [f(l) + f(l + k)]/h̄,
and η = 1

2
tan−1(Ωl,k/δl,k).

When the system is initially at the state |e, l〉, after
a period of time t, the probabilities for the system to
be at states |g, l + k〉 and |e, l〉 are

|〈g, l + k|ψ(t)〉|2 =
Ω2

l,k

δ2l,k + Ω2
l,k

sin2
(

1

2

√
δ2l,k + Ω2

l,kt
)
,

and |〈e, l|ψ(t)〉|2 = 1−|〈g, l+k|ψ(t)〉|2. This is the Rabi
oscillation with k photons involved in the state tran-
sition. Very recently, Nakamura et al. [5] observed the
multi-photon Rabi oscillations in the charge qubit. Dif-
ferent to the case studied here, the microwave field was
employed there to drive the gate voltage to oscillate.
Here, to implement quantum computing, we consider
the Cooper-pair box with a SQUID loop and use the
microwave field to change the flux through the loop.

4. Quantum computing

Let us consider more than one single charge qubit
in the QED cavity, and the cavity initially prepared

at the zero-photon state. A controlled-phase-shift gate
can be implemented via the following steps:

(i) For all Josephson charge qubits, let ΦX = 1
2
Φ0,

then cos(πΦX/Φ0) = 0, which yields f(a†a) = 0. Fur-
thermore, the gate voltage for a control qubit, say A,
is adjusted to have the qubit on resonance with the
cavity mode (E = h̄ωλ) for a period of time t =
πh̄/2g(1)(1) with θ = 0, while all other qubits are kept
off-resonance.

(ii) While all qubits are kept off-resonance with the
cavity mode and the flux ΦX is originally set to ΦX =
1
2
Φ0 for each qubit, we change ΦX to zero for only

the target qubit, say B, during a period of time t =
πh̄/2|f(1) − f(0)|.

(iii) Qubit A is again brought into resonance for t =
πh̄/2g(1)(1) with θ = 0, as in step (i).

(iv)The unitary operation given in step (ii) is applied
successively to the control and target qubits with t =
3πh̄/4|f(0)| and (2π − β)h̄/|f(0)|, respectively, where
β = π|f(0)|/2|f(1) − f(0)|.

A sequence of such conditional two-bit gates in com-
bination of one-bit rotations constitute a complete set
of logic gates for quantum computing [9].
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