Microscopic study of low-x type-II superconductors
P. Miranovié¢ !, N. Nakai, M. Ichioka, K. Machida

Department of Physics, Okayama University, 700-8530 Okayama, Japan

Abstract

Thermodynamics and vortex lattices of low-x type-II superconductors are studied numerically within the Eilen-
berger equations of superconductivity. Below some critical value k.(T) of the Ginzburg-Landau parameter k = A\/&,
there is a first order transition at He1 (type-Ila superconductivity) as a consequence of attractive vortex-vortex
interaction. For k > k. phase transition is of the second order (type-IIb superconductivity). Phase boundary & (7T')
that separates type-Ila and type-IIb superconductivity has been calculated.
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Superconductors are divided into two groups, type-I
and type-II, based on their behavior in magnetic field.
It can be shown within Ginzburg-Landau (GL) ap-
proach that the difference between two types of super-
conductivity originates from the sign of vortex-vortex
interaction, which can be attractive or repulsive. Sign
of the interaction is controlled by GL parameter k =
A/€, ratio of penetration depth and coherence length
near T.. In type-I superconductors (k < 1/v/2) vor-
tices attract each other and the phase transition from
Meissner to normal state is first order. In type-II su-
perconductors (k > 1/4/2), vortex-vortex interaction
is repulsive and the phase transition from Meissner to
the mixed state at H.; is second order. It has been
verified experimentally since a long time that even in
type-1I superconductors with k ~ 1 interaction among
vortices can be attractive (for a review of experimen-
tal results see Ref. [1]). Vortex attraction is manifested
as a first order phase transition from Meissner to the
mixed state. This type of superconductivity we denote
as type-Ila to distinguish it from the type-IIb super-
conductivity with purely repulsive vortex-vortex inter-
action. Most of the theoretical efforts to understand
interaction of vortices as a function of parameter x re-
lied on the extended GL model. Utilization of Bogo-
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molnyi method to treat GL equations for x close to
1/+/2 gave the further impetus for this research direc-
tion [1,2]. However, range of applicability of GL for-
malism is confined to the region near 7;. To calculate
the full temperature dependence of k.(T'), boundary
between type-Ila and type-IIb superconductivity, one
should rather turn to the microscopic theory of super-
conductivity. The only attempt to calculate numeri-
cally k¢(T) without approximations besides those im-
manent to numerical procedure is due to Klein [3].

The purpose of this work is to shed more light on the
problem of vortex attraction. Phase diagram (x,T") of
type-1, type-Ila and type-IIb superconductivity has
been calculated numerically. We consider clean super-
conductors with isotropic cylindrical Fermi surface,
choice motivated mainly by the speed of calculation.
The quantitative results will of course be different
from the 3D case but the qualitative (x,7T) phase
diagram will be quite similar.

For the isotropic gap Eilenberger equations are [4]

[w+u(V+iA)] f = Vg, 1)
[w—u(V—iA)] ff = vy (2)

These are supplemented by the self-consistency equa-
tions for the gap function ¥ and vector-potential A

14 June 2002



Tlnt:QtZ[(f}—%}, (3)

w>0

VXVXA:—%ImZ(ug). (4)
w>0

Equations are written in Eilenberger dimensionless
units. Here, w is Matsubara frequency, ¢t = T/T;, pa-
rameter &% = 7¢(3)x?/8, u is Fermi velocity direction
and f, fT, g are Eilenberger functions, ¢* + ff7 = 1.
Expression for the free energy density difference be-
tween superconducting and normal state F' = F; — F),
is given by (simplified with the help of Eilenberger
and self-consistency equations)

F =%V x A)? —tz<%(\p*f+\pff)>. (5)

w>0

Notation for spatial average C = (B/2r) fce” cds

is used, where B is magnetic induction. Traditionally
Eilenberger equations are solved numerically by the so-
called “explosion” method (see Ref. [5]). Here another
one approach which takes the advantage of periodicity
of the vortex lattice has been adopted. Instead in real
space, we solved equations numerically in Fourier space
(details of the method will be published elsewhere).

Boundary between type-I and type-1I superconduc-
tivity can be obtained from the condition H. = Hc .
Thermodynamic critical field H. is defined via the zero-
field energy difference between normal and supercon-
ducting state
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where U (t) is zero-field gap. Thermodynamic critical
field is given by HZ2(k,t) = AF(t)/%>. Therefore criti-
cal value for the GL parameter  is defined as (2D case)

L (Fa - Fy). %)

we() = 739\ 7¢3)

To find the boundary between type-Ila and type-IIb
superconductivity we proceeded as following. For a
particular value of GL parameter x and temperature
t, a set of Eilenberger equations is solved numerically
for various values of magnetic induction B, so we can
construct Helmholtz free energy density F(B). For a
given applied filed H proper thermodynamic potential
is Gibbs energy density G(B) which is at minimum
when the thermodynamic equilibrium is achieved,
8G/dB = 0. This condition is rewritten via F(B)

— 1 OF
H(B) = ST (8)
If there are meta-stable states, as we expect to be
in type-Ila superconductors, function B(H) is multi-

valued and to find a true magnetic induction one should
look for global minimum of Gibbs energy G(B) =
F(B) — 2&*BH. Therefore from the behavior of Gibbs
energy we can reconstruct the B(H) curve. In type-Ila
superconductors from H = 0 up to H = H}; minimum
Gibbs energy is for B = 0, Meissner state. At H = HY,
(which is less than Hey = (1/2k)0F/0B|5_,), mini-
mum energy is at B = Bo, first order phase transition
from the Meissner state to the mixed state (jump in
magnetization). It means that the energy of well sep-
arated vortices B & 0 is higher than vortex-lattice en-
ergy at B = By, due to attraction of vortices. For a
fixed temperature the value of induction jump By de-
creases with increasing x and at some critical value ke,
By = 0. Then for all kK > k. we have a second order
phase transition from the Meissner to mixed state, i.e.
type-I1Ib superconductivity.
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Fig. 1. Phase boundary between type-I, type-Ila and type-1Ib
superconductivity for isotropic 2D Fermi surface.

Calculations are performed in temperature interval
t = 0.2—0.9 to find the critical parameter «. that sepa-
rates type-Ila and type-IIb superconductivity. The re-
sults are shown on Fig. 1. Boundary line is qualitatively
similar to the 3D case obtained by different numeri-
cal scheme (explosion method). We also checked that
the hexagonal vortex-lattice has lower energy than the
square one.
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