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Abstract

The classic Kelvin-Helmholtz instability takes place on the interface between two horizontally stratified fluid
layers which are in a state of relative shear flow with respect to each other. The problem was solved for the ideal
case of inviscid and incompressible fluids in 1871 by Lord Kelvin. The first case of superfluid shear flow has been
discovered in uniformly rotating superfluid 3He, when the phase boundary between the A and B phases is maintained
at a stable location with a magnetic barrier field. At sufficiently high rotation the AB interface undergoes an
instability, in which the interface becomes corrugated in a standing-wave pattern. The deepest trough develops
into a non-equilibrium process in which a few vortex loops are pulled across the interface and expand to rectilinear
vortex lines. The critical velocity of this process displays the temperature and magnetic field dependencies which
match the characteristics of the Kelvin-Helmholtz instability.
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Kelvin-Helmholtz instability: Since Lord Kelvin’s
classic treatise [1,2] on the stability of the interface
between two fluid layers in relative shear flow, the
connection between the ideal description and the dissi-
pative hydrodynamics of real fluids has been problem-
atic. An example is a flag flapping in the wind. What is
the connection between its fluttering and the Kelvin-
Helmholtz instability [3,4]? The ideal non-dissipative
limit and a rigorous treatment, which includes vis-
cous losses, are based on a different set of equations
and are not directly related. In a superfluid, on the
other hand, flow remains inviscid until the instability
takes place. Superfluids thus provide an environment
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for testing the interface between ideal and dissipative
hydrodynamic theories. We discuss the first superfluid
realization of the Kelvin-Helmholtz instability, the
classic textbook problem in hydrodynamics [5].

AB interface in rotation: It has so far not been pos-
sible to create a situation with shear flow between two
superfluids at sufficiently high relative velocity so that
the instability is reached. The first experimentally ac-
cessible case, where the shear-flow instability can be
set up in stationary conditions, is superfluid 3He. Two
of its properties are the most vital preconditions for
the experiment to become possible:

1) Superfluid 3He is so far the only known coherent
macroscopic quantum system where a first order inter-
face between two states (A and B) of the same order-
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parameter manifold exists. This means that the surface
tension between the A and B phase is small, but also
that the interface can be held at a fixed stable posi-
tion. Owing to a difference in susceptibility of the two
phases, the interface can be stabilized in a gradient of
magnetic field.

2) There exists a remarkable difference between these
two phases in the critical velocity needed to form a
quantized vortex line. This difference arises from the
different length scales on which vorticity forms in the
A and B phases [6]. The order parameter changes sym-
metry and magnitude at the AB interface, but is con-
tinuous on the scale of the superfluid coherence length:
ξ ∼ 10 nm. This has far-reaching consequences on the
structure of quantized vorticity: In the B phase it is
the condensation energy which controls the structure
of the vortex core, ie. within its “non-singular hard”
core of radius ∼ ξ the magnitude of the order parame-
ter changes. The critical velocity is high and metastable
states of vortex-free superflow become possible at high
velocity. In the A phase, in contrast, vortex structure
is controlled by the three orders of magnitude weaker
spin-orbit interaction. The “continuous” A-phase vor-
tex has a “soft” core where only the orientation of the
order parameter changes within a radius comparable to
the healing length of spin-orbit coupling: ξD ∼ 10 µm.
The continuous vortex is created at a critical velocity
which is at least an order of magnitude lower than that
of the non-singular vortex.

The original incentive to investigate the AB inter-
face in rotation arose exactly from the differences in
vortex structures. Vortex lines are not allowed to end
at the AB interface, they either have to cross it perpen-
dicularly or curve parallel to the interface, to form a
vortex layer on the interface. But how can a continuous
A-phase vortex, where the vorticity is spread over the
large cross section of its soft core and which supports
a circulation of two quanta, connect with the narrow-
core singly quantized vortex in the B phase? Quite ob-
viously this incompatibility in structure and quantiza-
tion creates great difficulties for the interconnection of
vortex lines across the interface. It was thought that
a measurement of the critical velocity, the character-
istic counterflow velocity of the instability at which
vortex lines start to cross the interface, would provide
information on the energy barrier in forming intercon-
nections. Instead of this barrier it was found that the
Kelvin-Helmholtz instability intervenes and becomes
the vehicle by which interconnections are established
in a complicated non-equilibrium process.

Principle of measurement: As discussed in Ref. [7],
our experiment is performed in uniform rotation, by
setting up a situation where the two phases slide with
respect to each other along the AB interface which is
oriented transverse to the rotation axis Ω. Above the
interface in the A phase the number of vortex lines is
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Fig. 1. NMR absorption spectra of 3He-A, measured at a fixed

frequency of 332kHz as a function of magnetic field. The spec-

trum consists of the large bulk liquid absorption peak on the

left (lower panel) which is shifted from the Larmor value, the

location of the resonance line in the normal state. This temper-

ature-dependent frequency shift has been calibrated to yield

the temperature of the sample. By monitoring the frequency

shift of the bulk peak the temperature can be stabilized to

within one part in 103. The small satellite on the right (upper

panel) appears only when vortex lines are formed in rotation.

at all times approaching that in the equilibrium state.
This state is thus one where the superfluid is almost in
solid-body rotation. Below the interface the B phase
is in a state of vortex-free normal fluid - superfluid
counterflow. Here the superfluid fraction is stationary
in the laboratory frame.

This situation of relative shear flow is prepared by
keeping all other externally controlled variables con-
stant while the rotation velocity Ω is increased at a
constant slow rate Ω̇∼ 10−4 rad/s2. This rate is suffi-
ciently slow such that we can in practice consider Ω as
constant. Moreover the normal fraction is so viscous
that we may consider it to be always in a state of solid-
body rotation. By monitoring continuously the NMR
spectrum separately from the two phases one can keep
track of the number of vortex lines above and below
the interface. The instability is observed as a sudden
event where a burst of vortex lines is introduced in the
vortex-free B phase. The first event, which constitutes
the threshold to a repetitive series of randomly spaced
critical events, we call the onset Ωc.

NMR measurement: The pick-up coils for the mea-
surement of NMR absorption in the A and B phases
are located on both sides of the AB interface, but lie
far from the interface itself. The measurement of vor-
tex lines is based on different spectral properties in the
A and B phases. Fig. 1 shows a number of A-phase ab-
sorption spectra at different rotation velocities. This
spectrum consists of the bulk A-phase line, which orig-
inates from the volume where the spin-orbit interac-
tion is minimized, and from a small vortex satellite,
which is generated by the spin-orbit decoupling in the
soft cores. Thus the soft cores add individually to satel-
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Fig. 2. Integrated intensity of the A-phase vortex satellite ver-

sus the angular rotation velocity Ω. Vortex lines contribute in-

dividually to the satellite and a linear relationship is obtained.

It is used to calibrate the number of A-phase vortex lines in

the sample (right vertical axis). No anomaly exists at Ωc, the

location of the shear-flow instability – this plot shows no trace

of the presence of the AB interface.

lite absorption. The integrated intensity of the satellite
is a linear function of the number of vortex lines, as
shown in Fig. 2, and the zero intercept on the horizon-
tal axis gives the critical rotation velocity ΩcA where
vortex formation starts. This plot is independent of the
presence of the AB interface, ie. the same result is ob-
tained independently whether the sample consists at
this temperature of only A phase or of the two-phase
configuration with the AB interface. This means that
vortex formation in the A phase occurs at the outer lat-
eral sample boundary and is not in any way connected
with the AB interface [8].

In the B phase the NMR spectrum maps the order-
parameter texture on the length scale of the magnetic
healing length ξH . This length is more than an order
of magnitude larger than the dipolar healing length,
which defines the relevant length scale in the A phase
[9]: ξHB(35 mT) ∼ 0.1 R � ξD (R = 3mm is radius of
our sample). Thus the NMR spectrum reflects different
features in the B phase, namely the orientational distri-
bution of the order-parameter anisotropy axis over the
cross section of the sample. Its alignment is strongly
deflected by macroscopic vortex-free counterflow. As
illustrated by the spectra in Fig. 3, the division in ab-
sorption between the region bordering to the Larmor
edge and that of the counterflow peak can be calibrated
at each temperature to give the number of vortex lines.
When only a small number of vortex lines is present,
these are contained in a central cluster, which is coax-
ial with the sample cylinder and where the line den-
sity, nv =2Ω/κ, only depends on rotation velocity (κ=
h/(2m3) is the circulation quantum). This cluster is
surrounded by an annular vortex-free counterflow re-
gion which increases in width if Ω is increased and no
additional vortex lines are added. This in turn increases
the height of the counterflow peak. These features are
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Fig. 3. NMR absorption spectra of 3He-B, measured at a fixed

frequency of 1.15MHz as a function of magnetic field. In the

equilibrium state, both at rest (Ω = 0) and in rotation with

the equilibrium number of vortex lines (N ≈ 1100), the spec-

trum consists of one large asymmetric peak which borders on

the right to the Larmor field value and has a long shallow

temperature-dependent shoulder on the left towards low fields.

In vortex-free counterflow (N = 0) the absorption is shifted

to low fields and a new temperature-dependent maximum ap-

pears which grows sharper with increasing counterflow veloc-

ities. When vortex lines are formed (N =25), the counterflow

peak is reduced in height and the absorption is shifted back

closer to the Larmor edge. The measurement in Fig. 4 is per-

formed by monitoring the change in absorption with Ω at fixed

field at the value of the vertical arrows.

employed to keep track of the number of B-phase vor-
tex lines while the rotation velocity is slowly increased.

Measurement of AB interface instability: Fig. 4
shows a slow linear sweep of the rotation drive past
the onset of the AB interface instability at constant
temperature. The NMR field is tuned to a constant
value close to the Larmor edge. Thus the signal de-
creases rapidly with increasing Ω when the absorption
is shifted increasingly into the counterflow peak, until
starting from the onset Ωc it is recovered back in dis-
continuous jumps. These steps of random height cor-
respond to small bursts of 1 . . . 30 vortex lines which
are introduced in the B phase and form a central vor-
tex cluster there. The appearance of these bursts as a
function of Ω is our basic signature of the instability.
The analysis of the signal in terms of the Kelvin-
Helmholtz instability is presented in Ref. [10], where
it is compared to the theory of the ideal inviscid case,
when modified for two-fluid hydrodynamics [11]. Note
that the repetitive instability events obey a linear re-
lationship, as shown by the dashed line. This means
that, although the number of vortex lines per event
may vary, it occurs at a constant critical counterflow
velocity vc = (Ω − Ωc)Reff . Here Reff < R = 3 mm is
the radial location of the site where the instability
initially occurs and the vortices are pulled across the
AB interface.

Employing the procedure in Fig. 4 the onset of the
AB-interface instability can be determined as a func-
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Fig. 4. B-phase NMR absorption during a slow scan of Ω from

rest (Ω=0) past the onset of the AB interface instability at Ωc

and then back to rest. The absorption is measured at constant

external field value close to the Larmor edge at the site of

the vertical arrows in Fig. 3. The inset shows a magnification

of the discontinuous increase in vortex lines above the onset.

The staircase pattern illustrates a series of bursts in slowly

increasing rotation when new vortex lines are introduced into

the B phase. The number at each step gives the number of

vortex lines which penetrate across the AB interface in isolated

instability events.

tion of the various externally controllable parameters.
Of these the most informative are the temperature de-
pendence Ωc(T ) at constant current Ib in the barrier
solenoid [10] and the current dependence Ωc(Ib) at con-
stant temperature [12]. Both dependences are rapidly
varying functions which underline the role of the bar-
rier field as a restoring force on the AB interface: F =
(1/2)(χA − χB(T, H))∇(H2

b), where χA and χB(T, H)
are the magnetic susceptibilities of the two phases. The
interface resides at a height z where the field Hb(z)=
HAB(T ), ie. it equals the thermodynamic equilibrium
field HAB of the AB transition at temperature T .

The restoring force for our barrier solenoid [7] is plot-
ted at constant current Ib = 4 A in Fig. 5. It has the
strongest temperature dependence of all the quantities
which influence the onset of the AB-interface instabil-
ity. Thus a plot of Ωc(T ) resembles that of F (T ). On
dimensional basis we can guess that this resemblance
is of the simple form v4

c ∝ (σ/ρ2
s )F , where the surface

tension σ and the density of the superfluid fraction
ρs are monotonically and slowly changing functions of
temperature [10].

Critical velocity of B-phase sample: The instability
cannot be directly monitored at or near the AB inter-
face with NMR measurement, owing to the highly in-
homogeneous magnetic field distribution in the barrier
region. What is the experimental evidence then that
the step pattern in Fig. 4 really represents instabil-
ity events of the AB interface rather than some other
vortex formation mechanism in the B-phase section of
the sample? An important aspect of the experiment is
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Fig. 5. Restoring force F = (1/2)(χA −χB(T, H))∇(H2
b) from

the barrier field at Ib =4 A on the AB interface. The temper-

ature dependence of F (T ) dominates over all other terms in

the AB-interface instability and therefore the curve of Ωc(T )

is of similar form.

therefore the possibility to repeat the measurements
under exactly the same conditions in the absence of the
AB interface, ie. with a single-phase sample of either
A or B phase. This is possible owing to the extensive
supercooling of the A phase. In this way the influence
of the AB interface can be identified.

It is a simple matter to check that the behavior of
a single phase sample of 3He-B is quite different. For
this the current in the superconducting barrier solenoid
is ramped to zero, the sample is cooled below the su-
percooled A→B transition temperature and converted
into B phase. It is then warmed back to the tempera-
ture of the measurements in Fig. 4 and the same mea-
suring procedure is repeated. In the absence of the AB
interface, the first vortex lines are observed to enter at a
much higher rotation velocity as an uncontrolled burst
with a considerably larger number of vortex lines. In
the temperature range of the present measurements of
the AB-interface instability, the temperature regime of
the A-phase supercooling, the critical velocity of this
process is constant as a function of temperature, in con-
trast to the rapid and non-monotonic temperature de-
pendence of the AB-interface instability. As analyzed
in Ref. [13], the properties of the critical process in the
absence of the AB interface fit the characteristics of
a sudden burst of vortex lines flowing out of the ori-
fice into the sample volume. Interesting studies can be
made of the dynamics connected with this process, but
here we leave these aspects aside.

For the execution of the AB-interface measurement
it is thus of importance that sweeping the barrier field
does not interfere with either the A or B phase NMR
measurement. It can in this way also be established
that in barrier fields [Hb(z)]max <HAB(T ), where the
AB interface is absent, the critical velocity of vortex
formation for the single phase sample of 3He-B is to-
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tally indifferent to Ib, as is expected for the flow of vor-
tices through the orifice. Thus in spite of the fact that
the instability cannot be directly monitored, neverthe-
less, many details can be inferred indirectly from the
analysis of the B-phase measurements on Ωc(T, Ib).

Characteristics of AB-interface instability: In addi-
tion to the temperature and barrier field dependences
of the AB-interface instability, important properties
can be extracted from a detailed analysis of the insta-
bility events in Fig. 4. The two principal conclusions
are:

1) Although Ωc is strongly temperature dependent,
at constant temperature its value is reproduced accu-
rately from one measurement to the next within the
combined experimental uncertainties. This definition
fits an instability.

2) From the analysis not only the radial position of
the instability (Reff) can be determined, but also az-
imuthal information can be obtained. The number of
vortices per step-like burst can be estimated as half
the wavelength of the corrugation times the density of
(n = 1) vortex lines around the periphery of the inter-
face. This information is derived from an analysis of
the distribution function of the number of vortex lines
in the instability events [10] and is in agreement with
the theoretical prediction. It thus provides experimen-
tal evidence for the presence of standing-wave corru-
gations.

This collaboration was carried out under the EU-
IHP program (ULTI 3) and the ESF network COSLAB.
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