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Abstract

Quantum melting of 2D striped domain wall arrays are investigated at zero temperature. It is revealed that the
stripes with short-range interactions melt and become a stripe liquid in low density due to dislocations created
by quantum fluctuation. This quantum melting transition is of second order and in the 3D XY universality class.
Quantum melting in the presence of long-range interactions that fall off as power laws is also studied. This result
is applied to incommensurate domain walls in 2D adsorbed atoms on substrate and doped antiferromagnets.
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1. Introduction and Summary

Recently, striped domain walls with strong quan-
tum fluctuations were attracting extensive interests,
because incommensurate stripe structures, whose or-
der is short ranged, were observed in doped nickel ox-
ides and cupper oxides[1]. Striped domain walls were
also observed in two-dimensional (2D) solids of ad-
sorbed atoms on graphite[2], where quantum fluctua-
tions are large for light atoms, e.g. 3He and H2. Striped
domain walls were also found in a 2D quantum spin
system.[3] However, effects of quantum fluctuation on
the 2D domain-wall structures are hardly understood
and, in theoretical understanding, little is known about
quantum disordered stripe states.

In this paper, we study quantum fluctuations in
stripes using the elastic theory and taking account
of dislocations at zero temperature. It is shown that
in low density the striped structure with short-range
wall-wall interactions is unstable against quantum
fluctuations and becomes a stripe liquid even at zero
temperature.[4] This melting transition is in the 3D
XY universality class. On the other hand, if stripes
have long-range wall-wall interactions that fall off as
power laws r−q+1 with 2 < q < 7, the stripe structure
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is stable for low density and unstable for high density.
This tendency to ordering is opposite to the case of
short-range interaction systems.

We note that the striped ordered (solid) struc-
ture can be observed as sharp incommensurate Bragg
peaks. On the other hand, in the stripe disordered
(liquid) state, incommensurate scattering peaks have
finite width, which means finite correlation length.
Comparing with experiments done for adsorbates and
cuprates, we point out that the quantum disordered
stripes were already observed in scattering experi-
ments of adsorbed H2/Gr and D2/Gr,[5] and doped
cuprates[6], e.g. La2−xSrxCuO4, in which the correla-
tion length is much smaller than the system size.

2. Mechanism of Quantum Melting Transition

It has been argued for doped antiferromagnets[7]
that a single domain wall behaves like a quantum elas-
tic string with wall mass m per unit length and inter-
facial stiffness γ. In adsorbed atom systems, domain
walls are not pinned by substrate periodic potential,
but floating, and hence we also adopt this string model.
Let us consider striped domain walls with spacing l
aligned along the y-axis. Parallel domain walls inter-
act with each other by both exponential repulsion and
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hard-core potential, and hence stiffness (Kx) appears
between walls in x-direction. In the continuum limit,
the effective action for stripes without any dislocation
is[7]

S0[u] =
K

2h̄

∫
dTd2R{(∂T u)2 + (∂Xu)2 + (∂Y u)2} (1)

with K = (mKx/l)1/2, where we have rescaled as T =√
γ/mτ , X = (γ/lKx)1/2x, and Y = y. Here u denotes

displacement of the wall.
We next consider the singular part in u that comes

from dislocations. In the 2+1D space, the dislocations
become lines (or loops), which can be observed[8] by a
loop integral on a closed loop Γ

∮

Γ

du = Qls, (2)

where s denotes the number of dislocation lines en-
closed by the loop Γ and Q degeneracy of domain walls.
Q domain walls merge into a dislocation so that each
dislocation is consistent with the domain structure.
The field u can be divided into the smooth part usmooth

and the singular part. We thus obtain the total effec-
tive action

S = S0[usmooth] + SD[n] (3)

with

SD[n] =
1

2h̄

∫
d3q

(2π)3
(Ql)2K

q2
|n(q)|2, (4)

where q = (qX , qY , qT ) and n(q) denotes Fourier trans-
form of dislocation density vectors.

After transforming as ũ = 2πu/Ql, the system has
periodicity with 2π and the effective action is equiv-
alent to a spatially anisotropic 3D XY model in the
vortex loop representation.[8] We thus mapped the
2D quantum stripe system with dislocations onto the
anisotropic 3D XY model with couplings Jτ = Jy =

Q(Ql)2
√

mγ/(2π)2 and Jx = (Ql)
√

m/γKx/(2π)2.
For the mapped 3D XY model, it is natural to

expect that the critical point is given by the re-
lation (JxJyJτ )1/3h̄−1 = C with a constant C of
order unity and the system becomes disordered in
(JxJyJτ )1/3h̄−1 < C. Note that the dislocation loops
reduce the stiffness to zero in the disordered phase.[8,9]
This melting is a continuous transition in the same
universality class as the 3D XY model. In the stripe
liquid phase, the correlation length behaves as ξ ∼
(nc − n)−ν with ν ≈ 0.67 near the critical density nc.

hole (or excess) density       δn ~ 1/l

stripe liquid stripe solid

stripe solid stripe liquid
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Fig. 1. Phase diagrams of 2D stripes with (a) exponential

interaction and (b) power-decay one, u−q+1, with 2 < q < 7.

3. Phase Diagrams

Using the above melting criterion, we obtain phase
diagrams of stripe liquid and ordered phases.

In the case of short-range interactions that fall off in
an exponential form, wall fluctuations slightly renor-
malize the interaction, but do not change the exponen-
tial form for all parameter region[10]. Thus the stiffness
Kx also decays exponentially. Inserting this into the
criterion, we conclude that the stripes melt for large l
(in low density) and become a disordered state, i.e., a
stripe liquid. The phase diagram of the stripe phase is
shown in Fig. 1 for fixed m < ∞.

Next consider stripes repelling with each other by
power decay wall-wall interaction, u−q+1. (Coulomb
repulsion between lines, − ln u, corresponds to q = 1.)
However, in the case of q ≤ 2, the plasma modes appear
and low-lying excitations in kx-direction do not have
k-linear spectrum. Hence stiffness Kx diverges and the
elastic theory cannot be applied to q ≤ 2 case. Here-
after we consider only the case q > 2. In this case, no
renormalization appears in the interactions[10]. From
the melting criterion, we find that for 2 < q < 7, stripes
stabilize in low density and melt in high density. (See
Fig. 1.) This behavior is similar to that of charged point
objects, e.g. Wigner crystals. On the other hand, for
q > 7 stripes become a liquid for low density the same
as the short-range interaction systems.
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